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The IR MP excitation spectra of the Sknolecule in the vibrational quasicontinuum (QC) measured
experimentally in the vicinity of the; mode frequency are compared with their theoretical counterparts with

a view to revealing the relative contribution from the statistical inhomogeneous broadening (SIB) and
homogeneous broadening to the formation of the IR transition spectra in the QC. The IR MP spectra are
found by solving rate equations, the cross sections of the successive transitions being calculated in the SIB
approximation. The half-widtly, of the Lorentzian profile associated with the homogeneous broadening is
the only adjustment parameter of the model. A good agreement (within the accuracy of measurement) is
obtained between the experimental and theoretical IR MP spectra over a wide range of spectral and energy
parameters. The, values are found which vary within the limits 0.53y, < 10.2 cnttin the energy range

4500 < E < 30000 cm’. The conclusion is drawn that the main parameters of the IR transition spectra in
the QC (the position of the maximum, width, and intensity) are governed largely by the SIB effect, though
the Lorentzian wings may play a decisive role when excitation occurs at the edges of the spectrum. The IR
transition cross sections found are used to compute the IR MP excitation dynamics in the QC and determine
the vibrational distribution function being formed. It is found that excitation in the QC may also give rise to

a nonequilibrium bimodal distribution.

1. Introduction Sk molecules preliminarily excited into the QC (see Figure 1
in ref 3). The idea of using such an approach is based on the
possibility of accumulation of the relatively small contribution

to the transition profiles from the Lorentzian wings associated
with the homogeneous broadening as a result of a large number
of transitions up the ladder of vibrational states in the course
of IR MP excitation in the QC. Information on the homogeneous
broadening parameters was expected to be obtained from
comparison between experimental and theoretical IR MP
absorption spectra. The results obtained within the framework

This work is a continuation of our publicatioridevoted to
the studies of the spectral characteristics of vibrational transitions
in the quasicontinuum (QE- QC transitions) of polyatomic
molecules. The objects of our studies were molecules the type
of XYy, specifically the SF molecule. An approach was
developed in ref 1 that made it possible to calculate the main
parametersthe intensity, shape, and position of Q€ QC
transition profiles-in the approximation where the predominant

part is played by the statistical inhomogeneous broadening (SIB). . . .
Recall that this type of broadening is associated with the of the approach described are presented in two papers. The first

dispersion of the frequencies of transitions from a given chaotic (the pre_ced_mg papérpr_esen_ts the results of measuring IR MP
vibrational state that is contributed to by a large number of 2PSOrption in the quasicontinuum of Séver a wide range of
harmonic states with various sets of occupation numbers in theP0th the level of preliminary excitation into the QC and the
modes (for details, see ref 1 and references therein). Thefluence and frequency of the exciting laser radiation. The second
correctness of the approach developed was verified by compar-Part of the work (the present paper) presents the results of
ing between experimental and theoretical Raman spectra in thecomparison between the experimental data on IR MP excitation
neighborhood of the frequency of themode of highly excited in the QC pf Sk and theoretical calculations based on the IR
SFs molecules The same investigations allowed us to conclude MP excitation model developed.
that in Sk the principal contribution to the shape of transition =~ The approach used in this work to describe the IR MP
spectra in the QC was made exactly by the SIB effect, the excitation dynamics is based on the use of rate equations. Rate
contribution from the homogeneous broadening associated withequations were used for the first time to describe the IR MP
the IVR process being substantially smaller. excitation and dissociation processes in ref 4 when interpreting
The present work is devoted to the study of the spectra of IR the experiment with Sf The derivation of these equations (on
active transitions in the QC of the §Folecule in the vicinity first principles), as well as the substantiation of the possibility
of the frequency of the’s mode. The main objective of the of using them for various types of molecules and various
work is to reveal the contribution from the homogeneous excitation conditions can be found in refs 5 and 6 (see also ref
broadening to the shape of Q€ QC transition spectra. To 7). Later on, rate equations have been used frequently enough
this end, we study the IR multiple-photon (MP) absorption in to describe and interpret experiments on the IR MP excitation
and dissociation of molecules. A review of the appropriate works
* FAX: +(095)334-0886. E-mail: letokhov@isan.troitsk.ru. can be found, for example, in refs-B. Use is usually made of
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the approximation where IR MP excitation is considered as an Lorentzian profile associated with the homogeneous broadening.
incoherent process of consecutive single-quantum transitions upFor example, at a molecular vibrational energyssft 10 000

the ladder of some “levels”. The distance between these “levels” cm™? this estimate of the width of the Lorentzian profile igs2

is equal to the quantum energy of the exciting radiation, and = 2 cnm?, while the width of the Gaussian profile associated
their “degeneracy” is taken to be proportional to the density of with the SIB at the same molecular energydg 2 12.8 cnmt.!
vibrational or rovibrational states near these “levels”. It is also It should be noted at the same time that according to this
assumed that the rates of both direct and inverse processes arestimate the homogeneous broadening and the associated IVR
linearly related to the radiation intensity, and the ratio of these rate are sufficiently great for the excitation incoherence condition
rates obeys the detailed balancing principle. Though this 2yq > W to be satisfied\W being the characteristic radiative
approximation holds, strictly speaking, for the description of excitation rate. Simple estimates show that this condition is
excitation in the QC above its boundaBxc (case B in the fulfilled by a wide margin, no matter what the experimental
notations of ref 6), it is being frequently used to describe the conditions?

dynamics of the IR MP excitation of molecules, starting with This paper is designed as follows. Section 2 describes the IR
their ground state. MP excitation model used. The need to allow for the rotational

The main problem in using rate equations is associated with Structure of transitions materially increased the number of
the choice of the cross sections of the successive transitions£duations to be solved. Their solution algorithm providing for
Starting with the work reported in ref 4, many papers used an COmputation on modern personal computers is presented in
empirical approach where the transition cross sections (the law/”PP€ndix B. Section 3 describes the procedure of fitting model
governing their variation with energy) were selected by some cOmMputations and experimental dasnd presents the results
method, sometimes arbitrary enough, in no way related to the OPtained. The paper ends with the discussion of the results
spectroscopic parameters of the molecule in hand. The unknown(S€ction 4) and conclusions (section 5).
parameters entering into the transition cross sections were the o .
found by fitting experiment and theory. This approach has anz' Model of IR MP Excitation of Molecules in the
number of essential shortcomings associated first of all with
the arbitrariness in choosing the cross sections. Specifically, the As noted earlier, to describe the IR MP excitation dynamics,
fitting parameters obtained for some laser radiation frequency use is made in the present work of rate equations. These
may prove inadequate to the description of the IR MP excitation equations describe the change of the populations of groups of
process at other frequencies. Subsequently, another, mordevels whose vibrational energies differ by an amount equal to
realistic approach was suggested to the selection of transitionthe laser radiation quantutiw (see Figure 1). These groups
cross section (see, e.g., refs1R), which may be referred to  are identified by two subscriptsa andJ. The first subscriph
as a semiempirical approach. In particular, when interpreting denotes the number of quanta needed to be absorbed in order
experiments with CH in ref 10, the cross section values were to get from the initial state to the state of thgyroup. By the
calculated on the basis of the actual spectroscopic parametergnitial state is usually meant the QC boundary, ifyc, but
of the molecule. Note that the authors of ref 10 also suggestedformally this can be the ground state as well (see later in the
an approach that allowed the problem of modeling the MP text). The second subscrigtdenotes the rotational quantum
excitation in the region below the QC boundary in comparing nhumber, which varies by the selection rules>J, J+ 1. The
theory and experiment to be circumvented. As for the shape of groups of levels in Figure 1 are coupled together by stimulated
the transition band profile, it was assumed to be Lorentzian: it transitions whose rate W = oP, whereo is the transition cross
was exactly the parameters of this profile that were taken to section andP is the photon flux density of laser radiation. The
serve as the fitting parameters in comparing theory and Cross section of transitions at a frequencydin cm™*) from
experiment. The Lorentzian shape of the transition band profile Vibrational states with an energy Bfmay be written as
was also used in ref 11 when interpreting experiments with SF 42
So, it also proved impossible in this semiempirical approach to _ATY 2
avoid some arbitrariness associated with the selection of the o(E) hc o S (1)
transition profile shape. It should be noted that the uncertainty

in selecting the spectral shape of the cross sections of successivi/herézo is the dipole moment of the transition-¢ 1, and
transitions, associated with the impossibility of the a priori G(¥;E) i the spectral intensity of the transition band. We have

computation of this shape for a particular molecule, still remains €&'lier suggested infré a procedure for computing the intensity
to the present day. of QC — QC transitions in the SIB approximation. Computa-

The approach used in this work to the rate-equation descri _tions for the transition band of the modgin SFs have shown
. PP o o qual . P that the spectral intensity of this band can be well described by
tion of the IR MP excitation dynamics in the quasicontinuum

of the Sk molecules is distinguished by the fact that the cross the Gaussian function

Quasicontinuum

sections of all the consecutive transitions are wholly calculated I,(E) v —v (E))2
(in the SIB approximation) on the basis of the actual spectro- G(v,E) = %Y exg—-— M 2)
scopic characteristics of this molecule, as described in ref 1. N 2m0y(E) 2002(E)

The contribution from the homogeneous broadening to the

transition cross sections is in that case treated as a correctionwherelg is the integral intensity of the bangy,(E) is the position

and the magnitude of this contribution is essentially the only of the maximum, and@(E) is the width of the band (in cm),
adjustment parameter of the model. We believe that the lo, vy, andog being functions of the vibrational energof the
allowance for the homogeneous broadening in the form of a molecule. The values of these parameters (upward transitions)
correction to the SIB is quite justified. That this conclusion holds have been computed in ref 1 for purely vibrational transitions
true for the Raman active mode is supported by the data  of thev; band without regard for rotations. Formally, this means
presented in ref 2. As regards the IR active meglef interest that the rotational constaByp and the Coriolis constardi are

to us, we may cite the width estimates made in ref 13 for the equal to zero. In the case whedBg and &3 are nonzero, there
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Ny 72 Npn N1 aa Finally, using the notation of Figure 1, we may write down
the following equations for the populatiohg,;:
dNnJ J+1 ] J+1 iy
- i . at = . 71V\'nn—l,J'Nn—l,J’ - (J': 71V\’nn.] "IN +
J+1 J+1
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Fragments where the termk,Nn; describes the unimolecular decay of
molecules from thaeth group, provided that their energy exceeds
the dissociation energpo; otherwise, k, = 0. The total
dissociation yield from thath group is found by summing with
respect tad:

d

Yn
i an Nps 9)

The maximumn = npax in (8) was selected such that

ky > ZW(nmax,J — N+ 1.7) (10)

Figure 1. Schematic diagram of transitions in the vibrational quasi-
continuum.

takes place the redistribution of the integral intensityover

the three rotational branches P, Q, and R. We can demonstrat
that the intensity of transitions from a state with a gi\eim
these three branches are related as

qndeed, the population distribution in that case actually never
reaches the group with= nmax The values of the unimolecular
decay rate constari, were calculated by the RRKM theory
2J—1 1 2J+3 (see Appendix A). The maximuig, value in (10) was taken to
lplgilr = 32+ 1):5,:3(2] 1) ®) be ki, = 101 s71, which was substantially higher than the
values of the stimulated transition réfe actually reached in
For each of these three transitions, there occurs an additionalour experiments. Using the functioks= k(E) calculated, one
frequency shift relative ton,. It consists of the tern\vgor = can easily find thatimax ~ 60.
—Bo&3(Mz + 2) (N3 being the average occupation number inthe  Let us now estimate the number of equations (8) to be solved.
modevs for a givenE), the same for all the three branches. Insofar as the experiment was conducted at an initial temperature
Besides, for the P and R branches, there are the additional termequal to room value, it is necessary to give consideration in the
model for the initial distribution of the molecules among the
Avp = —2(1- §;)ByJ Avg=2(1— §3B,(JI + 1)4 rotational levels). It is but natural to terminate this distribution

at somel = Jﬁﬁgx such that the overwhelming majority of the

H . . (0) . .
responsible for the usual PQR structure of the vibrational band. molecules are ad < JO). To illustrate, in the case of a

Considering the additions made, the procedure suggested in rePBoltzmann distribution withlot = 300 K, account is taken of
1 enables one to calculate stimulated transition rates for 99% of the molecules if)% =~ 120. Subsequently, the
quasicontinuum states with specifiecandJ and for specified excitation process starts involving states with even higher

laser radiation intensity and frequency in the vicinity of the  values, up talnax = J, + Nmax because transitions in the R

mode. Note that for any laser radiation frequency ws, the branch can take place upon absorption of each new quantum.
rates of upward and downward transitions between any pair of As a result, the need arises to simultaneously solve about 10 000
groups of levels (Figure 1) with an energy BfandE + hws equations (8). So great an amount of equations to be solved
are related as simultaneously required the use of a special algorithm, which

is described in Appendix B.
W(nhJ—n'J) _ p(n) 27 +1
WhnJ—n'J) p(n) 22+1

®)

3. Model Calculations and Their Comparison with

Experimental Data
The “rotational” term for the P and the R branch in (5) results

from the difference in degeneracy between levels with different
J's. The same effect is responsible for the unequal redistribution
of the integral transition intensity between these branches in
(3). The “vibrational” term

Before proceeding to the description of the procedure of
comparing between experimental data and model calculations,
let us recall how the experiment was conducted (for details,
see ref 3). With a pump pulse at a frequencywgf(the 10P-
(16) CQ laser line), the SEmolecules were excited into the

W,(E) p(E + hw,) quasicontinuum (see Figure 1 in ref 3). After the lapse of some

= (6) time 74 long enough for an equilibriumibrational distribution
Waowr(E + fag) p(E) to be established, a probe pulse of frequengywas passed
through the excited region. We measured the average number
N, of quanta (per molecule) absorbed in the probe volume as a
function of the level of preliminary excitation into the Q&-

- (¢1) (N1 is the average number of quanta absorbed from the pump
PE+ hoy) = _n3(E) +3 (7 pulse andp; is thelocal value of the fluence of the latter), the
r(E) Ny(E + hwy) fluence ®, of the probe pulse, and its frequeney. The

follows from the detailed balancing principle. It can be shown
that for the triply degenerate mods,
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TABLE 1: Frequencies and Anharmonicity Constants of
SFs Used To Calculate Vibrational Transition Profiles

mode ()
1 2 3 4 5 6
vi(cml) 77454 64335 948.10  615.02 523.56 346.08
xs (cm™Y) —2.90Z —-3.603 -1.7468 —-15Z —-1.* —1.10Z

aBorrowed from ref 14 Borrowed from ref 15¢ Borrowed from
ref 16.

Lokhman et al.

calculated, the transition dipole momenj was taken at 0.388
D.17 To allow for the possible contribution from the homoge-
neous broadening, Gaussian profile (2) was convolved with the
Lorentzian profile

7.(E) 1
Ty AE) + (v =)

L(v,E) = (11)

It should be noted that this approach is approved, at least, in

experiment was performed with Gaussian beams, and so thegyr case when expected IVR rates are much smaller than the

volume of the probe region in determining the paraméter
(n1,P2,w>) was taken to b&, = S;L, wherelL is the length of
the absorption cell an&; is the cross-sectional area of the
Gaussian beantsf = 27ap?, andag, is the beam radius at a
level of 1k). The fluenced, was defined a®, = E)/S,, where

E, is the energy of the probe pulse. Thus, the paranister
(n1,®P2,w>2) being determined in the experiment is in fact the

width due to SIB. The argument is that a relevant theoretical
model® (anharmonic oscillator linearly relaxing in the thermal
bath) always gives, at wings of the absorption spectrum, the
single-Lorentzian asymptotics. So, convolution of the SIB
contour with a relatively narrow Lorentzian is a quite natural
parametrization for our problem as long as this procedure does
not significantly change the peak and provides the expected

result of averaging over the spatially inhomogeneous distribution asymptotics at the wings.
of both the probe and the pump beam, through the intermediary  The molecular energy-dependent profile half-wigtiE) in

of the quantityn;(¢,) in the latter case.

(12) is the fitting parameter of the model. The procedure used

Comparison between theory and experiment was carried outto allow for the rotational structure of the transitions in (8) has

by comparing the measurdd, values with their computed

been described above. The values of the rotational and Coriolis

counterparts. Using the adjustment parameters of the model,constants used in calculations were borrowed from ref 19 to be

the best fit was found betweelS™ and Nj' over the entire
range of then;, ®,, and w, values. Note that the IR MP

By = 0.091 084 cm! and &; = 0.693 44 cm.
When equations (8) were solved, the molecular energy was

excitation model described above makes it possible to computespecified by an integral number of quanta at the probe laser

only thelocal values of the number of quanta,= ny(¢2,Mm,w>),
absorbed from the probe pulse for the givecal values of its
fluenceg, = ¢2(x,y,2) andn; as well. Therefore, the values of

radiation frequencyw,. Accordingly, the initial Boltzmann
distribution was also assumed to be discrete, and the population
of these “levels” was computed using the vibrational temperature

Nz = Ny(¢p2,n1,w2) found were used as a database for computing T, reached by the instant the probe pulse arrived. The value
N2 with due regard for the spatial distribution of both the pump of this vibrational temperaturd,p,, as well as that of the

and the probe beam.
3.1. Computation of Local Parameters.The local values
of the average numbeat, = ny(¢2,n1,w2) of absorbed quanta

rotational temperaturd,,, was determined from the energy
balance with due regard for the energy absorbed from the probe
pulse and that stored in the vibrational, rotational, and transla-

were calculated by solving equations (8). We first computed tional degrees of freedom at room temperature. The “heating”
the cross sections of upward and downward transitions in the of the translational and rotational degrees of freedom as a result

vicinity of the triply degenerate mode. The spectral intensity
of the vibrational transition ban@(v,E), in (1) was calculated

of the V—T/R relaxation was calculated on the basis of the rate
constant of this process in §feasured in ref 20. Because the

in the SIB approximation. In the region of vibrational energies rate of this process is slow, its consideration in our experimental

E > 7000 cn1?, calculation was carried out in accordance with

conditions p = 1 Torr,7g = 5 us) only led to an insignificant

the procedure described in ref 1. Note that because of the high(2—3%) decrease ofT,ip. The increase of the rotational
density of vibrational states, not all of them were taken into temperature AT, was more substantial and amounted, for
consideration in calculations, but only their random sample. At example, to some 100 K ap = 9 quanta.

E < 7000 cnt?, all the states were taken into account. As a

When equations (8) were solved, the temporal shape of the

result of these calculations, it was found that the shape of the probe pulse was taken to be Gaussian and have a duration of
transition band could be well described by Gaussian function = 200 ns (fwhm); the dissociation energy was taken tdbe

(2) asE was decreased down ® = 4000 cnt?, the profile
parameterdo, oo, and vy, being well approximated by linear
functions the type ofd + bE). Rate equations (8) hold true in

= 91.3 kcal/moFk?
3.2. Allowance for Spatial Nonuniformity and the Fitting
Procedure.As already noted, solving equations (8) enables one

describing the dynamics of IR MP excitation above the QC to find local values of the absorption = ny(¢2,n,w>) at various
boundary, but for the sake of convenience we used them startingvalues of the parameters, n;, andw,. At the same time, it
with the ground state. The error due to this approximation is also makes it possible to determine the dissociation yield, both

small, for, as will be demonstrated in the text to follow,

the total and that during the pulse. The numblg'rof quanta

comparison between theory and experiment was in most casesbsorbed in the volume being probed was calculated as follows.

carried out in conditions where the contribution from the
molecules with an initial energy d&& < Eqc was insignificant.

First, on the basis of the functian = n;(¢1) measured (curve
2 of Figure 4 in ref 3), we calculated the transverse distribution

The vibrational frequencies and intermode anharmonicity of Ty, and T for a Gaussian pump beam profile at a number
constants used in calculating the parameters of the functionof specified values ofi; on thebeam axis Thereafter, using
G(v,E) are listed in Table 1. As to the anharmonic constants the database available on the local valuesigpz,ni,wz), we

Ggsz and T3z responsible for the splitting of the mod, their
values were taken to 833 = 0.9262 cm! and Tz = —0.2487
cm~115 The values of the parameters of the functié(v,E)

calculated the energpE, absorbed from the probe pulse at
specified values of its fluenc®,, account being taken of the
reduction of probe pulse intensity along the length of the

finally used in solving equations (8) are presented in Table 2. absorption cell. (Recall thab, is defined asb, = Ex/27ag?,
When the absolute values of transition cross section (1) werewhereE; is the pulse energy anah, is the beam radius at a
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TABLE 2: Numerical Parameters? for Gaussian Transition Profiles

maximum frequencyym® half-width, o intensity,l ¢
transition a bx10° a bx 10 a bx 10°
upward EP > 7000 948.3625 —3.13 1.705 0.47 0.86 0.07
EP < 7000 948.005 —3.08 0.65 0.62 0.93 0.063
downward EP> 7000 951.2125 —-3.11 1.195 0.475 —-0.1 0.065
E° < 7000 951.4785 —3.17 0.137 0.616 —0.079 0.064

a2 The maximum frequencyn, half-width oo, and integral intensityo of Gaussian transition profile (2) are linearly interpolated by the formula
(a + bE) with the vibrational energy in cm™%. ®In cm™. ¢In units of uo:?, the squared transition dipole moment of themode.

level of 1k.) The value ofAEY thus obtained was used to find

the sought-for value of' = AEY/(27ay2NL), whereN is the 250 =884.18 cm”
density of the molecules arldis the length of the absorption 20F ¢
cell. It should be emphasized that when the quantis was ~

calculated, account was taken of the actual probe beam profile,
including its difference from the Gaussian profile in the wings
(see expression (2) in ref 3).

For comparison and subsequent adjustment of the experi-
mentally measured and computed data, use was made of the
relationshipN, = Ny(n;) for a number of fixed values ob;

(see Figure 2): 0.1, 0.25, and 0.5 J/kcrAt @, = 0.1 J/cnd
absorption already takes place in a multiple-photon fashion, and

at ®, = 0.5 J/cm the dissociation yieldluring the pulses ="
still too low to distort the measurement process, e.g., on account

of absorption by the Sfradicals formed. The parametar=

INS® — NJI/NSP was taken to serve as a measure of discrep-
ancy between the experimental and theorefigalalues. Next,

we found the quantityA for each of the threab, values for
integern; values in the rangé < n; < m and determined the

mean deviatiorA[]

=
12 1 0; .
A= —Z—z A(n,@,") (12)
3gm—1| + 1n1=l 5L 7 ﬁ.ﬁﬂ::"‘e )
............ o e @,=0.1 J/cm
To provide for correctness of comparison between the model R Sl i i . i i
and experiment, the value bin most cases was taken equal to 25| 4
6. Under such conditions, more than 70% of the molecules have e B ®,=936.8 cm
an energy o > 5000 cntl. The value ofmwas taken to be A \\n\i ......
equal to 12 to limit the possible contribution from the dissocia- < 5l e, \ﬂ\iu
tion of the molecules. ol T T m
The fitting procedure was aimed at attaining minimaLl S L \'\-\i

values for all the frequencies,, the set of fitting parameters 5F e \\‘:3:‘*_%3::_0&1
naturally being the same for all the frequencies. As follows from oL I L L L .
what has been said above, the only unknown model parameter 0 2 4 6 8 o 12 4
that can be used to serve for fitting purposes is the contribution average number of absorbed quanta, 11,

from the homogeneous broadening, i.e., the half-widttE) _
of the corresponding Lorentzian contour. The rest of the model Figure 2. NumberN; of quanta absorbed from the probe pulse as a
parameters were either measured directly or calculated on thefunctlon of the preliminary excitation leve} for various values of the

basis of . tall d titi | inciole. th frequencyw, and fluence®,. Dashed curves and crossed symbols:
asis or experimentally measured quantities. In principle, these o, hariment. Solid curves: calculation. Filled symbols: allowance made

quantities were measured with some error, which may give somefor the SIB effect only. Open symbols: allowance made for both the
additional degrees of freedom in fitting. Most sensitive in this SIB and homogeneous broadening effects withdefined by eq 13.
sense may be the Gaussian profile parameters, namely, the widtiSquares:®, = 0.5 J/cm. Circles: ®; = 0.1 J/cnd.

20y of the profile and the position of its maximumy,. However

the values of the anharmonic constaxtswhich determine the  ing to the manufacturer, it lies within 20%. However, varying
magnitudes of @, and vy, are given in the literature with a  any of these two parameters gives rise to a systematic shift of
high degree of accuracy. Our calculations have shown that thethe theoretical or experimental curves of Figure 2, this shift
variation of thex; values within the limits of the error indicated  having the same sign for all the frequencies At the same
have practically no effect on tH\eI;‘zh values calculated. We may time, the remaining discrepancy between tKg® and N‘zh

also point out another two possibilities, namely, the inaccuracy curves differs in sign between different (see later in the text)

in determining the transition dipole momemni; and the error and is most likely not associated with the effect of the last two
of energy measurements. As reported in ref 17, the error in factors. For this reason, they were left as they were, and the
measuringuo; amounts ta+5%. The accuracy of the absolute  experimental and theoretical data were finally fitted by varying
calibration of the calorimeter used is somewhat worse: accord-the only factor-the magnitude of the homogeneous broadening.
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3.3. Results of Fitting. Figure 2 presents experimental

relationships (dashed curves, crossed symbols) between the

average numbeX;® of quanta absorbed from the probe pulse
and the preexcitation level for two values of the probe pulse
fluence®,: 0.1 and 0.5 J/ck (Recall thatn; is the average

number of quanta absorbed from the pump pulse on the beam
axis.) These relationships are presented for several values of

the frequencyv, corresponding to the “bluef, = 936.8 cnt?)

and "red” wings of the MP absorption spectrum (see Figure 5
below). As can be seen, the character of the funchi§ff =
NS*X(ny) differs even qualitatively between different parts of
the MP spectrum. At the “blue” end5® first rises to reach its
maximum and then, starting witly, ~ 4, the absorbed energy
begins to drop with increasingy. Reducing the frequenay;
causes the maximum of the functiotf’® = N3*(ny) to shift
toward highemn; values, and as one goes further into the long-
wavelength region, this maximum is not reached altogether (see
also Figure 6 in ref 3). Figure 2 also presents the theoretical
vaIuesNtZh calculated for two cases, namely, in the statistical
inhomogeneous broadening approximation, i.ey, &t 0 (filled

symbols), and with due regard for the homogeneous broadening

(open symbols). It can be seen that the allowance for the SIB
effect alone qualitatively correctly conveys the character of the
function N, = Na(n;). At the same time, a perceptible quantita-
tive discrepancy is observed betwed§® and N¥', which
increases a9, is increased and as one goes further into the
“red” region of the spectrum. The latter circumstance obviously
points to the fact that consideration of the inhomogeneous
broadening only cannot help correctly describe the IR MP
excitation process in the wings of the absorption band.

The homogeneous broadening was taken into consideration
as follows. It was assumed in the model that those molecules
that had absorbed more than four quanta moved into their
quasicontinuum, which agreed wiizc = 5000+ 500 cn1t.22
Therefore, the homogeneous broadening was formally “switched
on” in a stepwise fashion starting with = 4400 cntl. The
sought-for parameter (E)—the Lorentzian profile half-width
was varied in the course of the fitting procedure over the range
of values confined between the dash-and-dot lines in Figure 3.
The upper boundary of this region approximately corresponds
to the inhomogeneous half-widthy and the lower, to the
estimates of a “dissipativeyq obtained in ref 13.

Next they, values were varied within the limits of the above
region (as a rule, use was made of various lingafE relations
the type & + bE)) with a view to minimizing the value of the
criterion [AJ(12) for all the frequencies, used. Within the
range of the parameters and @, selected by us, the fitting
results proved most sensitive to the variationypfover the
molecular energy range 4500 cit< E < 15 000 cntl. This
made it possible to provide for a higher reliability in determining
yL in this energy region and conclude in particular that the
dependence of,_ on E was in this range faster than linear. As
a final analysis, the solid curve in Figure 3 shows the function
yL = yL (E) found to provide for the best fit between the
theoretical and experimentdk values. This function may be
represented in the form

y.(B) =
09-23x 10 *E+
3.3x 10 °E? 4500< E < 10000 cm® (13)
—2.23+4.14x 10 *E  10000< E

The quantityy, changes from 0.53 to 10.2 crhasE is varied
from 4500 to 30 000 cmrt. (The uncertainty estimated by us in
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Figure 4. ParametefrA[(see (12)) of the mean deviation of calculated
N. values from their experimental counterparts as a function of the
radiation frequencw:.. Filled circles: calculation with allowance made
for the SIB effect only. Open circles: calculation with allowance made
for both the SIB and homogeneous broadening effects.

determiningy. is shown in Figure 3 by the vertical straight
lines.) Note that the inhomogeneous broadeniggaries from
3.44 to 15.7 cm! over the same range & values.

The N‘2h values calculated with due regard for the homoge-
neous broadening and indicated in Figure 2 by open symbols
were obtained precisely for the best-fit values af (13).
Obviously, consideration of the homogeneous broadening in that
case provides fogquantitative agreement with experiment over
a wide range of the parametews, ®,, andn;. This conclusion
is supported by Figure 4, which presents the value&\affor
all the frequenciesv, used with and without regard for the
homogeneous broadening. It can be seen that the magnitude of
[A0in taking account of the homogeneous broadening with
according with (13) nowhere exceeds 20% and on the average
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dashed curve represents the calculation for a uniform transverse
intensity distribution in both beams, made with the saine
andn; values. As can be seen, even the qualitative form of the
IR MP spectrum changests maximum shifts quite substantially
toward the “red” side. The reason for this deformation of the
IR MP spectrum lies in the specifics of absorption at various
frequenciesv,. In the “red” wing of the IR MP spectrum, it is
only the high-energy tail of the initial Boltzmann distribution
that interacts with radiation (see below), and so, the distribution
of n; being nonuniform, the main contribution to absorption
comes from the central part of the probe beam, where fluence
' ‘ approximately corresponds to the average value@afAs a

g0 %0 500 510 520 530 940 950 result, the difference between the homogeneous and inhomo-
geneous cases is relatively small. At the “blue” end, in
interaction with radiation are the central and lower parts of the
Boltzmann distribution, and so a material contribution to
absorption (one-half and more for our probe beam pr)fie
made by the central and lower parts of the Boltzmann distribu-
tion, where fluence is much lower than the averdgevalue.

It is exactly this factor that makes the IR MP spectra at the
“blue” end differ substantially between the homogeneous and
inhomogeneous cases. Figure 5b demonstrates how important
it is to take account of the actual spatial fluence distribution in
the laser beams when comparing quantitatively between theo-
retical and experimental IR MP absorption spectra.

25

20

average absorbed energy N, , quanta/molec.

-1
frequency ©,, cm

254

20

average absorbed energy , guanta/molec.

4. Discussion

880 SEI)D I QC'JO 9;0 ' 9;0 9:;0 94110 ' 950 ) ] )

As follows from the results presented, the prime objective
_ . o of this work is attained. On the basis of comparison between
Figure 5. IR MP absorption spectraforSEtapregxcnatlon level of experimentally measured and calculated spectra of IR MP
M = 6 quanta {w, = 960 K). () Symbols: experimentdh values. = 5psqrntion in the QC of the Sfnolecule in the vicinity of the

Dashed curves: calculation with allowance made for the SIB effect ; f th d h lati ibution f h
only. Solid curves: calculation with allowance made for both the SIB requency of the modes, the relative contribution from the

and homogeneous broadening effects witiefined by eq 13. Fluence ~ two types of broadening of the spectra, namely the SIB and
@, (1) 0.1 J/crd; (2) 0.25 J/crk (3) 0.5 J/crA. (b) Demonstrating the homogeneous broadening, is revealed. It is demonstrated that
role of the nonuniform spatial distribution of radiation. Symbols and consideration of only the SIB effect cannot help to fully describe
solid curve: experiment and calculation for actual beams (see text) at|gr MP spectra in the QC, especially at their ends. It is only
@, = 0.5 J/ent. Dash-and-dot curve: calculation for uniform distribu- i taneous consideration of the homogeneous broadening that
tions of the pump and probe beamsgat= 0.5 J/cni. . e

provides for a good agreement (within the accuracy of measure-

(over all thew, values used) amounts to 13%. Consideration ment) with experiment over a wide spectral and energy range.
of only the SIB effect ¢, = 0) may give rise to a substantial According with the initial assumption, the contribution from
discrepancy between the theoretical and experiméhtahlues, the SIB to the total width of the IR transition profile in fact
especially at the ends of the IR MP spectrum. materially exceeds the contribution from the homogeneous
The IR MP absorption spectra (both measured and calculated)broadening, at least in the energy range 5608 000 cn?,
of the Sk molecules preliminarily excited into the QC are where the determination ¢f. was most reliable (compare the
presented in Figure 5 for three values of the fluedggnamely, solid curve with the top dashed curve in Figure 3).
0.5, 0.25, and 0.1 J/cnThe average level of preliminary But how reliable are thg, values obtained by us? As follows
excitation into the QC is taken to lmg = 6, which corresponds  from the measurement and subsequent adjustment procedure
to a vibrational temperature &, = 960 K reached by the  described above, we tried to take account of all the factors that
instant the probe pulse arrives. The filled symbols in Figure 5a could affect the final result. From the principal standpoint, the
indicate the experimentd, values, and the solid and dashed reliability of determination ofy, is governed by the reliability
curves represent the theoretidd} values calculated for of the SIB parameters calculated. The spectral range selected
defined by (13) and/. = 0, respectively. As noted earlier, by us is free from any strong resonances: ithe- v andvs +
consideration of the SIB effect alone provides for qualitative ve bands are on the right and left of our range, respectively.
agreement between theory and experiment, there being quantitaTherefore, the use of the procedure developed in ref 1 for
tive differences increasing at the ends of the spectrum with computing the transition profile parameters in the SIB ap-
increasing ®,. Taking at the same time account of the proximation is quite appropriate. Next, the calculation of the
homogeneous broadening allows for quantitative agreement toinhomogeneous profile parameters is based on the use of the
be attained within experimental error. anharmonic constantg whose values are determined, strictly
The IR MP absorption spectra of Figure 5a were obtained speaking, for transitions near the ground state. The question
with pump and probe pulses featuring a nonuniform intensity arises as to the legitimacy of using thegevalues for highly
distribution in the transverse direction. The contribution from excited states. As follows from our measurements of the Raman
this nonuniformity is graphically illustrated by Figure 5b. The spectra of the mode;? and also the measurements taken in ref
solid curve and filled symbols in this figure represent data for 13 of IR fluorescence spectra, theggvalues “work” quite
@, = 0.5 J/cm andn; = 6 for the Gaussian beams used. The satisfactorily at vibrational temperaturég, = 1700-2000 K,

frequency ©,, cm
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Figure 6. Vibrational distribution functions formed as a result of the
IR MPE process for three values of the probe radiation frequency
Solid curves with circles: the initial Boltzmann distributionrat= 9
quanta Tvis = 1242 K). Solid curves: calculation with allowance made
for the SIB effect only. Dashed curves: calculation with allowance
made for both the SIB and homogeneous broadening eftects 0.25
Jlcn?.

i.e., at mean energie€E[]= 13 500-17 000 cn1?, as well.

Proceeding from what has been said above, we believe that the

yL values found in this work are reliable enough. It should be
noted that the, values obtained in the present work noticeably
exceed the estimates of a “dissipative” parbf the Lorentzian

half-width made in ref 13 (compare the solid curve with the
bottom dash-and-dot line in Figure 3), this “dissipative” part
was attributed by the author of ref 13 to the intramolecular
vibrational relaxation of the modes;. At the same time, the

obtainedy_ values are in rather good agreement with the
estimate® of a complete half-widtly of the Lorentzian contour,

including its “perturbative” part. However, the analysis of
contribution of different interactions into the bandwidth of

Lokhman et al.

cmY), and the “blue” end ¢, = 936.8 cnt?) of the IR MP
spectrum (see Figure 5b). Presented in Figure 6 is the initial
Boltzmann distribution (the curve with circles) and also the
resultant distribution functions for a purely Gaussian transition
profile (the solid curve), and the convolution of the Gaussian
and a Lorentzian profiles (the dashed curve), parameters (13)
of the latter being found in this work. Note that theerage
absorbed energy values for the givgnandn; values at the
frequenciesw, = 884.18 andw, = 936.8 cn! are ap-
proximately the same. At the same time, as can be seen from
Figure 6, the vibrational distribution functions for the frequencies
selected differ even qualitatively. In the casg= 884.18 cnr!
andw, = 903.75 cn1?, the functionsZ(n) are of pronounced
bimodal character, whereas fep = 936.8 cntl, the function

Z(n) has a single maximum. Such a behavior of the function
Z(n) is due to the character of the relationship between the IR
transition profile parameters and the molecular endiggee
Table 2). The analysis of this relationship shows that at the
“blue” end of the IR MP spectrum, in interaction with radiation
are the molecules from the lower and the central part of the
Boltzmann distribution. As their excitation level grows higher,
molecules fall off-resonance, so that their further excitation
comes to an end. As the frequency of laser radiation is reduced,
the molecules from the high-energy part of the initial distribution
start interacting with it more and more effectively, and the level
of their subsequent excitation grows higher. And at the very
edge of the IR MP spectrum, it is only the far tail of the
distribution that is interacting with radiation, but this small
fraction of the molecules get excited highly. The same Figure
6 clearly demonstrates the effect of the Lorentzian wings
associated with the homogeneous broadening, which is espe-
cially strong at the ends of the IR MP spectrum. It can be seen
that these wings make for the “capture” of molecules from the
lower states at the long-wavelength end, whereas at the short-
wavelength end they provide for a higher excitation level of
the molecules.

The bimodal character of the vibrational distribution formed
as a result of IR MP excitation was observed directly or
indirectly for various molecules in a number of experiments
(for review, see refs 7 and 23) and is apparently a characteristic
feature of multiple-step processes such as IR MPE. The reason
for such a division of the distribution function is the presence
of some “bottleneck” in the way of excitation of the molecules.
There can be various particular mechanisms responsible for this
“bottleneck”. One of them is associated with the inhomogeneous
character of interaction between radiation and the initial
vibrational-rotational distribution. This may be a “rotational

Lorentzian contour is the subject of special discussions and fallsbottleneck” when some of the rotational levels interact with

outside the scope of the present work.

radiation stronger than others. A “vibrational bottleneck” is also

The parameter measured experimentally in ref 3 is the energypossible, when some vibrational levels of the initial distribution

absorbed in the course of IR MP excitation in the QC and
averaged @er the entire molecular ensembiEhe same average

interact with radiation stronger than other levels (for details,
see ref 23). As can be seen from Figure 6, such a “vibrational

parameter was in this work calculated theoretically and used to bottleneck” may contribute noticeably to the formation of a
adjust theory and experiment. The characteristics of the profile double-hump bimodal distribution in the case of excitation of
of IR transitions in the QC found can be used to calculate the molecules in the quasicontinuum, especially at the “red” end

dynamics of IR MP excitation and find the “finer” characteristics
of the process, specifically the functiod = Z(n) of the
vibrational distribution formed as a result of such an excitation.
Figure 6 presents the vibrational distribution functiof(s)
computed for the initial excitation level; = 9 (T, = 1242

K), fluence¢, = 0.25 J/cm, and a uniform spatial distribution
of radiation. The functionsZ(n) are presented for three
characteristic values of the frequeney. approximately in the
center @, = 903.75 cn1l), at the “red” end ¢, = 884.18

of the IR MP spectrumdf, = 884.18 cn1l). At the same time,

our model computations show that there may be one more cause
of formation of a double-hump distribution, namely, the initial
state that may be a “bottleneck” itself. Indeed, if the rate at
which molecules leave some initial state is lower than that of
their subsequent excitation, starting with some level of the
“ladder” of successive multiple-step transitions, then obviously
there should occur a “discontinuity” in the distribution function.
Such an effect occurs in the case of excitatiomat= 884.18
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0,15 As follows from comparison between experimental data and
T =1054.5 K results of calculation of IR MP excitation in the quasicontinuum,
* a qualitative agreement over a wide range of excitation
o10r conditions is observed only if the homogeneous broadening is
taken into account. However, as already noted in the Introduc-
tion, the present-day theory cannot help calculate the homoge-
neous broadening parameters for a particular molecule. Nev-
D, ertheless, as follows from the results of this work, one can, in
principle, make correct quantitative calculations in that case as
well, knowing only the SIB parameters. This conclusion directly
follows from Figure 4. It can be seen that if account is only
7,=1241.8K taken of the SIB effect, the errdA[within some frequency
range reaches its minimum and lies within the accuracy of
measurement. This is due to the fact that the IR MP excitation
process at these frequencies and within the fluence range
selected proceeds so that the radiation frequency does not fall,
D, as the molecule moves up the “ladder” of vibrational states,
outside the central part of the Gaussian transition profile, and
v v so the role of the wings, where the effect of the homogeneous
broadening may be decisive, is still insignificant. Therefore,
when describing multicolor IR MP excitation in the quasicon-
Figure 7. Vibrational distribution functions formed asargsult of the tinuum, one can restrict oneself to the use of the SIB ap-
IR MPE process fofli, = 1054 K andT.p, = 1242 K. Solid curve proximation and calculate the transition cross section parameters
with circles: the initial Boltzmann distribution. Solid curve: calculation : . -
in the SIB approximation fop, = 0.25 J/crA andw, = 884.18 cm™. by the procedure suggest_ed in ref 1, provided that each raqlla_tlon
pulse at the corresponding frequency “works” largely within
the limits of the central part of the transition profile.
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0,00 T g SR =¥

0,15

0,05
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cmtandw; = 903.75 cnt! (Figure 6). Our calculations show
that the double-hump form of the distribution function may
remain even if the initial Boltzmann distribution in the QC is

replaced with a monoenergetic one. Comparison is made between experimentally measured and
The knowledge of the cross sections of IR transitions in the theoretically calculated IR MP excitation spectra in the quasi-
QC enables one to optimize various processes induced by IRcontinuum of the SgEmolecule in the vicinity of the frequency
MP excitation, specifically the process of laser isotope separa-of the modewvs. The calculation is carried out within the
tion. In the case of laser isotope separation based on IR MPframework of the model developed, based on the rate equations
dissociation, use is frequently made of a multicolor (multifre- approximation and allowing for the rotational structure of IR
quency) excitatiorf:2425In that case, the energy consumption transitions. The cross sections of the successive transitions are
associated with the dissociation of the molecules is governedcomputed in the statistical inhomogeneous broadening ap-
exactly by excitation in the quasicontinuum. That is why it is proximation on the basis of a procedure developed earlier. A
important to effect excitation in the quasicontinuum in an good agreement (within the accuracy of measurement) is
optimal fashion. Note in particular that if one properly chooses achieved between the experimentally measured and calculated
the frequency of radiation used to effect excitation in the IR MP absorption spectra over wide spectral and energy ranges.
guasicontinuum, one can even improve the initial selectivity of The special importance was revealed of the allowance for the
MP excitation from the ground state, which is provided by the spatial distribution of radiation in making such a quantitative
first pulse. Indeed, if the vibrational temperatures (average comparison.
energies) of two isotopic components differ after the passage As a result of the comparison made between theory and
of the first pulse, selecting the frequenoy such that it is only experiment, the main objective of this work is attained, namely,
the tail of the distribution prepared that interacts with radiation the relative contribution is revealed from the SIB and homo-
can noticeably improve the initial selectivity. These qualitative geneous broadening effects to the shape of the transition profile
considerations support the results of calculation of the dynamicsin the QC near the frequency of themode of Sk. The values
of IR MP excitation and dissociation of the §folecule within of the half-widthy, are found in the energy range 4580E <
the framework of the model described. Figure 7 presents the 30 000 cn1. It is shown that the main contribution to such IR
resultant vibrational distribution of Sfnolecules for two values  transition profile parameters as the position of its maximum,
of the initial vibrational temperaturg,,: 1054 K (= 7) and width, and intensity comes from the SIB effect, but the
1242 K (0 = 9). The calculation was made fgp = 0.25 J/cm Lorentzian wings may play a decisive role when the excitation
andw, = 884.18 cmt in the SIB approximation. It can clearly — of the molecules takes place at an edge of the spectrum.
be seen that the fraction of excited molecules for the higher The IR transition cross sections obtained in this work are
temperature is substantially greater (cf. the shadowed regionsused to compute the dynamics of IR MPE in the quasicontinuum
for Tuip = 1242 K andTj, = 1054 K). The dissociation yields  and determine the vibrational distribution function formed as a
for these temperatures afey = 6.2% andpf, = 1.57%, result of this process. It is found that excitation in the QC may
respectively, which gives a “selectivity” af = 1/, = 3.95. give rise to a nonequilibrium bimodal distribution. The conclu-
Allowing for the homogeneous broadening naturally reduces sion is drawn that the selectivity attained at the first stage of
somewhat this selectivity improvement (as a result of the multicolor LIS can be improved by appropriately selecting the
“capture” of molecules from lower vibrational states), but excitation frequency.
nevertheless the effect remains high enoughs= 2.85 for the By and large, the results of this work show that at present
above conditions. one can make a quantitative model description of the dynamics

5. Conclusion
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TABLE 3: Fundamental Vibrational Frequencies of the at T, is normalized so that its eigenvalues are positioned from
Activated Complex SK' and Their Assignment —1to+1. Exact equality in (B2) formally takes place Mt—
Data of ref 26 Present work 00,
SRsymmetry SE symmetry it vhcm® it oh, cmt In our case, hpw_ever, th&V eigen/a_lyes are real and_
nonpositve, so theH eigenvalues are positioned on the negative
Asg 21 g Zgi'gg i 5g0'5 imaginary semiaxis. Then, as told in ref 28, exploration of the
’ Bi 5 60990 5 609.90 approximation like (B2) does not provide adequate convergence,
= Al 1 711.00 1 711.00 and other polynomial approximations are recommended. Nev-
E 8  900.60 8 900.60 ertheless, our investigation showed that convergence can be
Fu A 4 a 3 58425 significantly improved by shifting the eigenvalues into the
E 9 58425 9 58425 positive imaginary semiaxis.
Fag B, 7o 496.85 7 49685 In generak’ accuracy of the Chebyshev polynomial ap-
E 10 392.25 10 392.35 . . ’ . .
Fou B, 6 25950 6 25950 proximation may be estimated through that of the expansion of
E 11 32870 11  259.50 the relevant scalar function

a Reaction coordinate.

exp(-ixt) = 3 i"(2 = 0,93 (D)T,(¥) (B3)
of IR MP excitation in the quasicontinuum of molecules and "
restrict oneself in a number of cases to the use of the SIB with the dimensionless parameters- 1 and|x| ~ 1. The value

approximation for the purpose. of 7 defines, in fact, the necessary numkerf 1) of the terms
in (B3) that can be optimized using the known asymptotic
Appendix A properties of the Bessel functions. We varied the purely

imaginary parametex, choosing two tolerance valugs!) =
1075 and9®@ = 10719, to compare the result of computation in
the right side of (B3) with the exact value in the left side of

The unimolecular decay rate constak(g) in (8) and (9)
were computed within the framework of the RRKM theory. The
o ey 1) 5 present e i o 2 SEIVLEIG3) Ve ot compywith anyof e lrnce e
a discrepancy between the frequencies of the complex presenterljfe inside some interval in the |m§g|nary a>§|_s) includg- 0,
by the author of ref 26 in Table 2 and the final results of 2nd the maximally allowed negative valbe,, proves to be
calculation ofk(E) in Figure 3. Moreover, we found that the ess+ent|ally less than the maximally allowed positive yalue
frequency values in Table 2 contradicted the physical SUbS'[an-|X_|Ena)x' The calculated dependencgsmad(r) are shown in
tiation of their determination given in the text of ref 26. Figure 8. In addition, dependence of the valugac/N onz,
Nevertheless, we believed that the above argument was quitevhich characterize the method efficiency, is presented in this
justified and used it to construct another model of the activated figure. o o )
complex. This model was found to yieldE) values close to Let us return explicitly to our original notation
those presented in ref 26. The frequencies of the activated dzd .
complex obtained in the given work and presented in ref 26 — =Wz (B4)
are listed in Table 3. dt

A conclusion can be drawn from the obtained results that, for
better efficiency of the method, one should transform the matrix
For numerical integration of equations (8), we utilized the Wto bring its eigenvalues from the negative imaginary semiaxis
time propagation technique using the polynomial approximation to the positive one. This is achieved by the substituér W
of the evolution operata¥, which is especially powerful for ~ + 4ol wherel is the unity matrix, andio is the minimum
the large sparse sets of equations. Representing popullitipns  eigenvalue ofV. The latter can be found rather easily with the
in a vector form agzlland rewriting (8) and its solution in a  well-known Lanczos algorithm. Next, wishing to reach the
conventional matrix form, we have calculation tolerance of, e.gf® = 10719, one can see from
Figure 8c that it is rather optimum to divid& by 2/10|. Then,
dzd - ~ for direct application of the integration formulat + At)0=
I~ = HI& IZ(O)0= (=iHY[20)d  (B1) exp(VAL)|z(t)[] the time stepAt should not exceed the value
Atmax & 100/,0. Finally, the formula of the computational

Appendix B

where the matrixV of our set of equations i = —iH, by algorithm is
definition. For the Hamiltonian systems with real eigenvalues N
of H, good convergence is guaranteed by the following |2(t + AtT= exp(A ) Y i"2 — 6nO)Jn(2|}'O|At)-,I\-n]|Z(t)D
expansion of the evolution operator in the Chebyshev polynomi- =
als: (B5)
. X where the matrice,, are
~ | N o
expiHt) ~ exg — —(€ax T €mint Zoi”(Z — 0o, X . . . W Al
2 ma m n= o TFI = Tn(Wnorn*) Wnorm: I 2|A | (B6)
~ 0
1 2H — €max — €min
—(€max T €mnt| Tl ———| (B2) Realization of the algorithm is standard. Transformations (B5),
2 €max — €min which are equivalent to the time propagation of (B4), are

performed with the step okt < Atmax Starting from the vector
Hereemin andemax are respectively the minimum and maximum  [z(0)O(initial population distribution). Products of the matrices
H eigenvalues), are Bessel functions; the operator in the braces (B.6) on the vector|z(t)Oare successively found using the
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recurrence formuldn 1| z(t) 0= 2Whorm nlZ(t) O Th-1/z(t)Cand,
after multiplication on the corresponding coefficient, are ac-
cumulated in the arrayz(t + At)ll The recurrence formula is
turned on after the calculation ©f|z}= |zZCandT1|zZC= WhormZ
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